Two-dimensional oscillatory lid-driven cavity flow of a rarefied gas at arbitrary oscillation frequency is investigated using the linearized Boltzmann equation. An analytical solution at high oscillation frequencies is obtained, and detailed numerical results for a wide range of gas rarefaction are presented. The influence of both the aspect ratio of the cavity and the oscillating frequency on the damping force exerted on the moving lid is studied. Surprisingly, it is found that, over a certain frequency range, the damping is smaller than that in an oscillatory Couette flow. This reduction in damping is due to the anti-resonance of the rarefied gas. A scaling law between the anti-resonant frequency and the aspect ratio is established, which would enable the control of the damping through choosing an appropriate cavity geometry.
Introduction
The study of rarefied gas flows at the micro-(or nano-) scale is important for a broad range of industrial applications, and has attracted particular attention due to the rapid development of micro-electromechanical systems (MEMS) (Karniadakis, Beskok & Aluru 2005 ). An important research topic is to investigate the damping force that any oscillatory parts of a MEMS device are subject to, which has applications in inertial sensing and acoustic transduction. The normal pressure and shear force from the ambient gas damp the vibrating parts. Because of the small length scale of MEMS devices, and sometimes the high frequency of oscillation, the damping force should be calculated based on a kinetic theory that recognizes the rarefied nature of the flow, instead of models (such as the Navier-Stokes equations) derived from the continuumfluid hypothesis.
In the past decade, in order to investigate the damping due to the normal pressure, the propagation of sound waves (Hadjiconstantinou 2002; Sharipov & Kalempa 2008a; Kalempa & Sharipov 2009; Gu & Emerson 2011; Struchtrup 2011; Desvillettes & Lorenzani 2012; Kalempa & Sharipov 2012 ) between two parallel plates or in a semi-infinite space has been extensively studied; to investigate the damping caused by the shear force, oscillatory Couette flows both in planar (Park, Tang et al. 2008; Sharipov & Kalempa 2008b; Doi 2009; Taheri et al. 2009; Yap & Sader 2012) and cylindrical geometries (Emerson et al. 2007; Shi & Sader 2010; Gospodinov, Roussinov & Stefan 2012) have been studied. For these investigations the adopted methods have included the direct simulation Monte Carlo (DSMC) method (Bird 1994) , the discrete velocity method for the linearized Bhatnagar-Gross-Krook (BGK), ellipsoidal statistical BGK, and Shakhov kinetic model equations (Bhatnagar, Gross & Krook 1954; Holway 1966; Shakhov 1968) , the numerical kernel method for the linearized Boltzmann equation of hard-sphere gases (Doi 2009 ), the regularized 13-and 26-moment equations (Struchtrup 2005; Gu & Emerson 2011) , and the lattice Boltzmann method (Tang et al. 2008; Meng & Zhang 2011) .
However, the above-mentioned studies are all for one-dimensional (1D) or quasione-dimensional (cylindrical) geometries. This implicitly assumes that dimensions in other directions are large enough so that the flow in the direction of interest is not affected. In this paper we take a step further and study the rarefied gas flow inside a two-dimensional (2D) rectangular cavity driven by the periodic oscillation of the top lid. Specifically, we investigate the influence of both the aspect ratio of the cavity and the oscillating frequency of the lid on flow properties such as the average amplitudes of shear stress and velocity at the lid. This research sheds new light on controlling the damping force associated with an oscillating component by choosing an appropriate geometry of the MEMS device.
We use the Boltzmann equation to describe the rarefied gas dynamics, which can be linearized due to the fact that the velocity of the oscillating component is far smaller than the most probable molecular velocity, so that the deviation from the global equilibrium state is small. Therefore, instead of using the DSMC method that is subject to intrinsic noise and requires a time step smaller than both the molecular mean collision time and the characteristic oscillation time, the oscillatory flow is solved by a deterministic numerical method that is free of noise and from which, more importantly, time-dependence can be eliminated (Sharipov & Kalempa 2008a,b) . We approximate the linearized Boltzmann collision operator by the fast spectral method (Wu, Reese & Zhang 2014) , and solve the time-independent linearized Boltzmann equation in an iterative manner. The numerical efficiency of this approach is much better than the DSMC method, especially for high-frequency lid oscillations.
Formulation of the problem
We consider a rarefied gas flow inside a 2D cavity of rectangular cross-section, driven by a lid at y = H that oscillates harmonically in the x direction with frequency Ω; see figure 1. The velocity U w of the lid depends on time t through
where i is the imaginary unit, Re denotes the real part of a complex expression, and U 0 is the velocity amplitude of the oscillating lid. The other three cavity walls at x = 0, y = 0, and x = L are fixed. All four walls are isothermal with a common temperature T 0 , and the diffuse boundary condition is employed. The induced oscillatory rarefied flows inside the cavity are characterized by the aspect ratio of the cavity where µ is the gas shear viscosity at temperature T 0 , n 0 is the number density of the gas at equilibrium, k B is the Boltzmann constant, m is the molecular mass, and v m = √ 2k B T 0 /m is the most probable molecular velocity. Note that the Strouhal number is related to the Stokes number (or the Womersley number) β through St = β 2 Kn/ √ π (Park et al. 2004) .
The induced flow is also affected by the type of intermolecular interactions. However, in our numerical simulations we find that the difference in flow properties between hard-sphere and Maxwell gases is less than 3 %: for instance, for Kn = 0.1, A = 1, and St = 4, relative differences in the average amplitudes of the shear stress and the horizontal gas velocity at the oscillating lid are 0.6 %, and 1.9 %, respectively. The relative difference between a hard-sphere gas and gases with a viscosity index between 0.5 and 1 is even smaller. Therefore, we only consider a hard-sphere gas. The Boltzmann equation reads (Cercignani 1990 )
where (x , y ) = (x, y)/H, the velocity v is normalized by v m , and the velocity distribution function (VDF) f is normalized by n 0 /v 3 m ; θ is the deflection angle, ϕ is the azimuthal angle, v * is the velocity of the second molecule in a binary collision, and f * and f are the VDFs after binary collision.
If U 0 v m and the Reynolds number is small, (2.5) can be linearized. We are interested in the gas flow state when the oscillation has been fully established, so that the time-dependent periodic flow has the same frequency Ω as the oscillating lid. To improve numerical efficiency, we eliminate the time variable by including the explicit time-varying term exp(iΩt) and expressing the VDF as
is the global equilibrium VDF, and h(x , y , v) is the perturbed VDF. On neglecting terms of order higher than U 0 /v m , we arrive at the linearized Boltzmann equation for h(x , y , v), which is independent of time:
is the linear gain term and
is the equilibrium collision frequency; both of these can be effectively and accurately calculated by the fast spectral method (Wu et al. 2014 ). The problem is symmetric, due to the negligible Reynolds number, about the central vertical line at 
The left spatial half-domain is divided into non-uniform grid points, and the molecular velocity space v is represented by discrete velocity grids. The spatial derivatives in (2.8) are approximated by a second-order upwind finite-difference, and the resulting algebraic equation for the VDF is solved in an iterative manner. Detailed information about the numerical implementation can be found in Wu et al. (2014) .
The number density, which is normalized by n 0 U 0 /v m , is given by
The macroscopic flow velocities, which are normalized by the velocity amplitude of the oscillating lid, are given by
(2.13) and the shear stress, which is normalized by n 0 k B T 0 U 0 /v m , is given by
Other macroscopic quantities such as temperature and heat flux can be expressed in a similar way, but they will not be considered here because of their relative smallness (Naris & Valougeorgis 2005 ) when compared to the magnitudes of velocity and shear stress.
After having solved the problem in the left spatial half-domain, from the symmetric condition about the central vertical line we can obtain the flow properties in the right spatial half-domain according to the following relations:
Results and discussion
Numerical results from the fast spectral method are presented below in the slip, transition, and free-molecular flow regimes. For each Knudsen number, the Strouhal number is varied from zero to the high-frequency oscillation limit. The cavity aspect ratios we investigated are A = 0.5, 1, and 2, and the average velocity and shear stress at the oscillating lid are compared to those of 1D oscillatory Couette flow (which is a limiting case of a 2D oscillatory lid-driven cavity flow with A = ∞).
3.1. Analytical solution at the high-frequency limit Unlike 1D oscillatory Couette flow, where analytical solutions can be found in the continuum, slip, and free-molecular flow regimes (Park et al. 2004) as well as at the high-frequency limit (Sharipov & Kalempa 2008b) , an analytical solution for oscillatory lid-driven cavity flow can only be obtained at the high-frequency limit; note that the analytical solution is hard to find even in the continuum flow regime (Duck 1982) .
When the lid oscillates at high frequency, i.e. when Ω is much larger than the average molecular collision frequency, binary collisions are negligible (Sharipov & Kalempa 2008b) . In this situation, (2.8) becomes:
Integrating (3.1) with respect to x and introducing the average VDF
At the high-frequency limit, the term on the right-hand side of (3.3) is negligible. Therefore, we have an ordinary differential equation for g:
Taking into account symmetry about the central vertical line, from (2.11) we know that the boundary condition for g at y = 1 is g = 2v x f eq when v y < 0, while that at y = 0 is g = 0 when v y > 0. Solving (3.4) then yields:
(3.5) Therefore, the average amplitude of the horizontal velocityŪ x (y ) = A 0 U x dx /A and the average amplitude of the shear stressP xy (y ) = A 0 P xy dx /A are given bȳ
These expressions for average amplitudes of horizontal velocity and shear stress are the same as those given by Sharipov & Kalempa (2008b) for 1D oscillatory Couette flow. Of particular interest are the average amplitudes of the horizontal velocity and shear stress at the oscillating lid, which can be simply given as
A lid-driven cavity flow with zero oscillation frequency has previously been studied on the basis of the linearized BGK kinetic equation by Naris & Valougeorgis (2005) . For fixed aspect ratio, it was found that the average shear stress at the lid increases with Kn and approaches a constant when Kn → ∞. In the free-molecular limit, for example, the average shear stress is 0.69 for A = 1, which is larger than the limiting value 1/ √ π that we obtained above at the high-frequency limit. This indicates that changing the oscillation frequency can reduce the damping force at the oscillating lid. Below, we explain this quantitatively by using our numerical method.
Slip flow regime
We consider a hard-sphere gas at Kn = 0.1. The left spatial half-domain is divided into 26 × 51 non-uniform cells for A = 0.5, and 51 × 51 non-uniform cells for A = 1 and 2, with the cell dimensions near the walls being very small. The three-dimensional molecular velocity space is represented by 32 × 32 non-uniform grid points in the v x and v y directions (v x , v y ∈ [−4, 4]), with most of the grid points near v x , v y ∼ 0 to capture the discontinuity in the VDF, and 12 uniform grid points in the v z direction (due to symmetry, only half the velocity space v z ∈ [0, 6] is considered). For A = 1 and St = 4, when the number of spatial cells is increased from 51 × 51 to 101 × 101, the average amplitudes of the shear stress and horizontal velocity at the oscillating lid only change by 0.2 % and 0.6 %, respectively. Figure 2 (a-c) presents typical instantaneous density and streamline profiles for A = 0.5 during the first half-period of oscillation (since the flow variables in the next halfperiod are of the same magnitude as in the first half period, but with reversed signs).
At small oscillation frequencies (not shown), the induced gas flow is in-phase with the oscillating lid. The streamlines are closed, except in a very small time interval when the lid velocity reverses. The density variations concentrate in the top left and top right corners and are at a maximum when Ωt/π is an integer.
When the frequency increases to St = 2, the streamlines are closed in the first quarter of the oscillation period (see figure 2a ); after Ωt = π/2, the streamlines are not closed in a short time interval (for instance, see the figure for Ωt = 0.55π). When Ωt = 0.7π, a source at y ≈ 0.8, x = A and a sink at y ≈ 0.8, x = 0 appear. Furthermore, a vortex emerges near the bottom wall. After that, the streamlines are closed again and the vortex moves towards the lid. As St continues to increase, the time interval in which closed streamlines exist becomes shorter. Meanwhile, the phase lag relative to the oscillating lid grows. For example, as seen in figure 2(b) where St = 4, the maximum density variation is achieved near Ωt = 0.4π, where the lid velocity is not a maximum.
When the top lid oscillates at high frequency, the streamlines are not closed anymore in the whole oscillation period, and more and more sources and sinks appear along the two vertical walls; see figure 2(c) where St = 30. Also, the flow has a large phase lag relative to the oscillation of the lid. For instance, at Ωt = 0.9π, the flow near the lid still moves from left to right, while the lid has started to move towards the left at Ωt = π/2. Furthermore, the magnitudes and spatial regions of the density variations are reduced significantly, when compared to cases at smaller Strouhal numbers such as St = 2; see the right-hand plots of figures 2(d) and 2(e) for St = 30. The flow fields for aspect ratios A = 1 and 2 are similar, except that no vortex develops near the bottom wall; see the results for St = 2 and Ωt = 0.7π in figure 2(a) . Figure 3 shows the evolution of the vortex centre during the first half-period of oscillation. If two or more vortices exist, only the one near the oscillatory lid is selected. Since the vortex centre is located along the central vertical line, only its y-location is shown. Let us first examine figure 3(a) for A = 0.5. When St = 2, the vortex centre approaches the oscillating lid from y = 0.85H to 0.94H monotonically during 0 Ωt π/2. After the lid velocity reverses, for a short time interval (π/2 < Ωt < 0.64π) there is no vortex (the typical streamlines in this situation are shown in figure 2(a) for St = 2 and Ωt = 0.55π). Then a vortex appears near the bottom wall (see the streamlines in figure 2(a) for St = 2 and Ωt = 0.7π) which quickly moves towards the top wall after Ωt = 0.79π. As St increases, the time needed to form a vortex increases after the lid velocity reverses. As a consequence, there is no vortex during π/2 < Ωt π for St > 3. Specifically, no vortex exists during π/2 < Ωt < 1.14π and π/2 < Ωt < 1.38π for St = 4 and St = 5, respectively. For St > 5.5, there is no vortex during the whole oscillation period. When A = 1 or 2, the situation is similar (figure 3b,c). The results are shown in figure 5. For oscillating Couette flow, the gas velocity decreases monotonically as the Strouhal number increases, while the shear stress increases monotonically. However, for oscillatory lid-driven cavity flow, the average amplitudes of shear stress and horizontal velocity change non-monotonically. When A = 0.5, the average amplitude of shear stress first decreases and then increases towards the limiting value 1/ √ π, and the average amplitude of horizontal velocity first increases and then decreases toward the limiting value 1/2. However, for A = 1 and 2, the average amplitude of shear stress first increases, followed by a decrease, and then increases again monotonically towards the limiting value 1/ √ π. The average amplitude of horizontal velocity varies in the opposite manner. Intuitively, because of the two vertical walls, the average horizontal velocity along the oscillating lid in a 2D oscillatory cavity flow should be smaller than that in a 1D oscillatory Couette flow, while the average amplitude of shear stress should be larger. From figure 5 we see that this is indeed the case when the oscillation frequency is small. However, at large St the average amplitude of shear stress in the 2D geometry is smaller than that of 1D oscillating Couette flow: for A = 0.5, the average shear stress in the 2D geometry is ∼10 % smaller than the 1D case at St ≈ 5.5, while the average amplitude of the velocity in the 2D geometry is larger than the 1D case. From a comparison between figures 3 and 5 we find that the minimum average amplitude of shear stress is reached when the vortex starts to disappear in the whole oscillation period. That is, when A = 0.5 (or A = 1 or 2), the vortex begins to disappear when St > 5.5 (or St > 2.5 or St > 1.4), which nearly coincides with values of St where the average amplitude of shear stress is a minimum. This minimum in shear stress is a result of the anti-resonance of the gas between two vertical walls, which we will discuss in § 3.4.
Transition and free-molecular flow regimes
We now consider the gas in the transition regime (Kn = 1) and in the free-molecular flow regime (Kn = 10). In both regimes, the left spatial half-region is divided into 26 × 51 non-uniform cells. For the discretization of molecular velocity space, we use 32 × 32 × 12 grid points for Kn = 1, and 48 × 48 × 12 grid points for Kn = 10.
The instantaneous density and streamline profiles are qualitatively the same as those for slip flows, and are omitted here. The amplitudes of the central horizontal and vertical velocities, and the horizontal velocity and the shear stress at the oscillating lid are shown in figure 6 for different Strouhal numbers when Kn = 1. The results for Kn = 10 are very similar to these for Kn = 1, and are not shown here. As the Strouhal number increases, the central horizontal velocity varies within a small region near the lid (figure 6a), while the central vertical velocity gradually vanishes (figure 6b). Unlike in the slip flow regime, as St increases the horizontal velocity at the oscillating lid first increases and then decreases to the limiting value 1/2 (figure 6c), while the shear stress at the oscillating lid first decreases and then increases to the limiting value 1/ √ π (figure 6d). The evolution of the average amplitude of shear stress at the oscillating lid with St for Kn = 1 and 10 is shown in figure 7 , which shows different behaviour from slip flows. In the transition and free-molecular flow regimes, the average amplitude of shear stress at small St is larger than the value at the high-frequency oscillation limit. For Kn = 1, the average amplitude of shear stress at the lid (figure 7a) first decreases as the Strouhal number increases, and then increases toward the limiting value 1/ √ π (note that for A = 2, at St ≈ 3, a slight decrease in the shear stress occurs), while the average amplitude of horizontal velocity (figure 7b) varies in the opposite manner. For Kn = 10, however, the average amplitude of shear stress and horizontal velocity oscillate about their limiting values as St increases (figure 7c,d) . In both flow regimes, like in the slip flow regime, the average amplitude of shear stress in oscillatory cavity flow can be smaller than that in oscillatory Couette flow, over a certain frequency range. In oscillatory lid-driven cavity flow, we note that when A = 2 the minimum average amplitudes of the shear stress are ∼23 % and 28 % smaller than the maximum ones at St = 0 when Kn = 1 and 10, respectively. 3.4. Scaling law for anti-resonant frequency From figures 5 and 7 we see that the Strouhal number at which the average amplitude of the shear stress at the lid is a minimum decreases as the aspect ratio of the cavity increases. Let us denote this the critical Strouhal number. Figure 8 displays a linear relation between the critical Strouhal number and inverse aspect ratio for Kn = 0.1 and 1. The results for Kn = 10 are not shown because they almost overlap those for Kn = 1. This linear relation could help us choose the cavity aspect ratio that reduces the damping force that the gas exerts on the oscillating lid, for a given oscillation frequency.
The dip in the average amplitude of shear stress in figures 5 and 7 can be interpreted qualitatively as the gas anti-resonance between the two vertical walls. For simplicity, we consider the free-molecular flow. Using the method of characteristics, (3.1) can be rewritten as i Sth + µ∂h/∂s = 0, where µ = v 2
x + v 2 y is the velocity and s is the coordinate along the characteristic line (Varoutis, Valougeorgis & Sharipov 2008) . For the most probable velocity, the equation becomes iSth + ∂h/∂s = 0, which shows that the phase of the VDF remains unchanged after molecules have propagated a distance of 2π/St. Now, let us consider molecules leaving the top lid with velocities nearly parallel to the top lid, hitting the right-hand vertical wall, then being reflected and hitting the left-hand vertical wall, and finally returning to the point from which they left. The normalized distance they have travelled is ∼2A. If A = π/St, then molecules leaving and hitting the top lid have the same phase. Thus, the horizontal gas velocity at the oscillating lid is a maximum, and, since molecules leaving and approaching the top lid have opposite vertical velocities, the shear stress is a minimum. This theoretical prediction, i.e. that the anti-resonance Strouhal number is
is in reasonable agreement with the numerical results shown in figure 8 for Kn = 1 and 10.For small Knudsen number, due to the frequent binary collisions, the anti-resonance Strouhal number is slightly less than π/A. We note that a similar linear scaling law has been discovered by Desvillettes & Lorenzani (2012) for the propagation of sound waves between two planar plates. Their configuration is similar to that given in figure 1 if the top and bottom walls are removed and the left-hand wall oscillates in the x direction with frequency Ω. Their results showed that the normal pressure at the oscillating plate is a maximum when the resonant condition is achieved, that is, St = 2π/A × 0.48 ∼ π/A (note that A = 1 in Desvillettes & Lorenzani 2012) . This phenomenon can be interpreted in exactly the same way as we explained the minimum shear stress above. Consider molecules leaving the left-hand wall, being reflected at the right-hand wall, and returning to the left-hand wall: when St = π/A, molecules leaving and approaching the left-hand wall are in-phase. Hence the normal pressure is a maximum; however, the average amplitude of horizontal velocity is a minimum since the horizontal velocities are opposite.
The above analysis demonstrates that the resonance (anti-resonance) condition for the normal pressure in the 1D sound wave problem is the same as the anti-resonance (resonance) condition for the shear stress in 2D oscillatory cavity flow. In the 1D sound wave problem the anti-resonance is clearly seen when St = π/2A (Desvillettes & Lorenzani 2012) . However, the resonance in oscillatory cavity flow is only visible at small Kn, see figure 5 when A = 1 and 2. That the resonance is relatively weaker in the 2D geometry may be because the kinetic energy input from the oscillating plate transfers vertically. For large Kn, it is more difficult for energy to be transferred from the oscillating lid to the bulk fluid, so the resonance is only observed at small Kn.
Influence of the boundary condition
We now study the influence of the boundary condition on the flow properties. We consider diffuse-specular wall boundary conditions, that is, an α a proportion of the molecules hitting the wall are diffusively reflected, while the rest are specularly reflected, where α a ∈ [0, 1] is the surface accommodation coefficient. So the boundary condition, for example, at the top lid, is
v y hdv f eq + (1 − α a )h(−v y ).
(3.9)
Following the analytical calculations of § 3.1, it can be concluded that the average amplitudes of horizontal velocity and shear stress at the oscillating lid areŪ x (y = H) = α a /2 andP xy (y = H) = α a / √ π. We would therefore expect that the surface accommodation coefficient affects the macroscopic flow quantities proportionately by a factor of 1 − α a relative to flow quantities calculated using the diffuse boundary condition. This is verified in the numerical simulations shown in figure 9. We also find that the surface accommodation coefficient does not change the anti-resonant frequency. 3.6. Variation of average amplitude of shear stress with Knudsen number Finally, we show how the average amplitude of the shear stress at the oscillating lid varies with Kn, for a fixed oscillation frequency and cavity aspect ratio. The results are shown in figure 10 for a surface accommodation coefficient of 1. We see that for both oscillatory lid-driven cavity (A = 1) and Couette (A = ∞) flows, the average amplitude of shear stress increases monotonically until reaching some limiting value, which depends on the aspect ratio and the Strouhal number. At small oscillation frequencies, the damping in the cavity is always larger than the damping in the oscillatory Couette flow, while this situation is reversed near the anti-resonant oscillation frequency (i.e. at St = 3 for A = 1) over the whole range of Knudsen number.
Summary
The linearized Boltzmann equation has been applied to oscillatory lid-driven twodimensional cavity flows of rarefied gases in the slip, transition and free-molecular flow regimes, over the whole range of oscillation frequency. The influence of the aspect ratio of the cavity on the damping force at the oscillating lid has been analysed in detail. We found that when the anti-resonance condition is satisfied, the damping force in the 2D cavity flow has a local minimum, which can be smaller even than the damping force in 1D oscillatory Couette flow. A linear scaling law between the anti-resonant frequency and the cavity aspect ratio has been established, and this could help in choosing the appropriate device geometry to reduce the damping force in MEMS technologies. The influence of a three-dimensional geometry on the damping is the subject of future research.
